Parametric expressions are used to calculate the isothermal susceptibility, specific heat, order parameter, and correlation length along the critical isochore and coexistence curve from the asymptotic region to crossover region. These expressions are based on the minimal-subtraction renormalization scheme within the 4 model. Using two adjustable parameters in these expressions, we fit the theory globally to recently obtained experimental measurements of isothermal susceptibility and specific heat along the critical isochore and coexistence curve, and early measurements of coexistence curve and light scattering intensity along the critical isochore of 3 He near its liquid-vapor critical point. The theory provides good agreement with these experimental measurements within the reduced temperature range ͉t͉р2ϫ10 Ϫ2 .
I. INTRODUCTION
It is well known that thermodynamic quantities exhibit singularities asymptotically close to the critical point. The power-law behavior of these singularities, characterized by critical exponents and the concept of universality and scaling, has been successfully described by renormalizationgroup ͑RG͒ theory. Away from the asymptotic region, thermodynamic quantities of real physical systems deviate from simple power-law behavior. However, RG theory can still provide insight in understanding critical crossover behavior.
There are two main field-theoretical renormalizationgroup schemes to treat critical-to-classical crossover phenomena. Dohm and co-workers developed the minimalsubtraction renormalization ͑MSR͒ scheme ͓1͔ while Bagnuls and Bervillier developed the massive renormalization ͑MR͒ scheme ͓2͔. Both of these theories used the Borel resummation technique to describe the crossover behavior of the 4 model in any O(n) universality class and in three dimensions. The difference between the two schemes was discussed in Ref. ͓1͔. These field-theoretical crossover theories were improved over the years as asymptotic theories became more accurate ͓3͔. Recently, Larin et al. improved the MSR expressions for the specific heat and compared their results with the superfluid helium (nϭ2) system ͓4͔. Bagnuls and Bervillier have also improved their theory to match the recent asymptotic values for exponents and leading amplitude ratios ͓5͔. Both renormalization schemes can provide crossover functional forms for thermal properties with a minimal set of fluid-dependent adjustable parameters. However, a direct comparison between these recent theoretical predictions and different experimental measurements near the liquid-vapor critical point (nϭ1) has been lacking.
In this paper we will present a direct comparison between the MSR field-theoretical crossover functions and various experimental measurements near the liquid-gas critical point of 3 He. The comparison using the MR theory will be published elsewhere.
The paper is divided into two parts. In the first part, we briefly summarize the MSR functional expressions for susceptibility, specific heat, coexistence curve, and correlation length from previous work ͓1,6-8͔. In addition, we derived within the MSR framework RG functional expressions for the asymptotic critical amplitudes of the susceptibility and coexistence curve as well as the first coefficients in a Wegner expansion for susceptibility, specific heat, coexistence curve, and correlation length. From these expressions, universal amplitude ratios for the O(1), three-dimensional system are calculated and compared with the most recent values from Bagnuls et al. ͓5͔ and Fisher et al. ͓9͔ .
The second part of the paper includes the results of MSR functional fits to experimental measurements. In our previous work, we analyzed the isothermal susceptibility of 3 He along the critical isochore above T c using theoretical expressions based upon the minimal-subtraction scheme ͓10͔. In this work, we combine that analysis with susceptibility measurements along the coexistence curve and specific heat measurements along the critical isochore ͓11͔. Measurements of coexistence curve and the light scattering intensity near the critical point of 3 He ͓12,13͔ are also analyzed.
II. THEORETICAL EXPRESSIONS
The Hamiltonian for the 4 model in three dimensions (dϭ3) is
where 0 is the order parameter field, whose statistical mean value is the physical order parameter of a given system. The parameter u 0 is the fourth-order coupling constant. The parameter r 0 is related to the reduced temperature tϵ(T ϪT c )/T c by analytic background free energy. Since the liquid-vapor critical point has a single component order parameter and belongs to the O(1) universality class, we have nϭ1.
The dimensionless bare order parameter field 0 and the bare coupling parameters u 0 and r 0 are renormalized to ͓Eqs. ͑S2.11͒ and ͑S2.12͒ of Ref. ͓6͔͔ ϭZ ͑ u,⑀ ͒ Ϫ1/2 0 , ͑3͒
where A 3 ϭ(4) Ϫ1 is a geometric factor and ⑀ϭ4Ϫdϭ1 for dimension dϭ3. The Z factors are associated with their respective field-theoretic functions ͓1͔
͑8͒
where the index 0 means differentiation at fixed r 0 , 0 , and u 0 . By introducing a flow parameter l, the effective coupling u(l) satisfies the flow equation
The flow parameter l is related to the correlation length by ͑l ͒ϭ͑ l ͒ Ϫ1 , ͑10͒ with Ϫ1 being an arbitrary reference length. The flow parameter lϭ0 corresponds to the Ising fixed point u(lϭ0) ϭu*, which is determined from ␤ u (u*)ϭ0. The effective coupling r(l) satisfies the flow equation
The flow parameter lϭ1 is an arbitrary reference point, at which the nonuniversal initial values are u(lϭ1)ϭu and r(1)ϭrϭat. The field-theoretic functions r (u), (u), and ␤ u (u) in Eqs. ͑6͒-͑8͒ are known up to five-loop order in perturbation expansions around uϭ0 ͓1͔. However, the expansions do not converge away from uϭ0. Hence Borel resummations were used on the expansions to calculate the values of these functions over the range 0Ͻuрu*. For most investigations, see for instance Refs. ͓6-8͔, only the function values at the fixed point u* were calculated using the Borel resummations on the five-loop expansions. The function values over the range 0ϽuϽu* were obtained using up to two-loop order expressions with extrapolation terms added in order to reproduce the values at the fixed point ͓1͔. For a system of dimension dϭ3 and single component order parameter nϭ1, one obtains
Here a 1 through a 5 are the coefficients for the extrapolation terms with values listed in Appendix A. Using these functions and the flow equations, thermal properties along the critical isochore and coexistence curve can be calculated from the asymptotic to crossover regions using the initial values for Eqs. ͑9͒ and ͑11͒, uϭu(lϭ1) and aϭa(lϭ1), and the arbitrary length scale Ϫ1 in Eq. ͑10͒.
A. Reduced temperature
Within the MSR scheme, the expression for the reduced temperature in terms of the flow parameter l can be derived as follows. The reduced temperature t and the flow parameter l can be linked using Eqs. ͑S4.25͒ and ͑S4.26͒ Ref. ͓1͔ and Eq. ͑H2.9͒ of Ref. ͓7͔, together with the solution of Eq. ͑11͒,
Here ''ϩ'' is for TϾT c and ''Ϫ'' is for TϽT c . Krause et al. ͓8͔ determined a one-loop expression plus a higher-order extrapolation for Q(u) given by ͓Eq. ͑K3.5͔͒
where b Q and c Q are the extrapolation coefficients with the values given in Table III in Appendix A. By adding and subtracting r *ϭ r (u*) in the integrand of Eq. ͑15͒ and using the identity Ϫ1 ϭ2Ϫ r * , where is the critical exponent of correlation length , one arrives at
By rearranging Eq. ͑19͒, one obtains the following expression for the reduced temperature:
and
B. Susceptibility
General expression
The following expressions for the dimensionless susceptibility T *ϵ Ϯ were given in Refs. ͓7,8͔, respectively, for TϾT c ͓Eq. ͑K2.7͔͒ and TϽT c ͓Eq. ͑H2.16͔͒:
The amplitude functions, f Ϯ , were expressed to two-loop order plus a higher-order extrapolation ͓Eqs. ͑K3.1͒ and ͑H4.2͔͒, to give
where b and d are the extrapolation coefficients with the values given in Table III in Appendix A. The minimal renormalization factor Z in Eq. ͑23͒ is given by ͓Eq. ͑K A12͔͒
The expression
can be obtained by adding and subtracting *ϭ (u*) in the integrand of Eq. ͑23͒, and using the relations *ϭϪ ͓1͔ and ␥ϭ(2Ϫ), where is the critical exponent of the fluctuation correlation at the critical point and ␥ is the critical exponent of susceptibility. In Eq. ͑26͒
Using Eq. ͑10͒ and ␥ϭ(2Ϫ), Eq. ͑26͒ can be rewritten as
Thus, in the asymptotic regime (F →0),
with a nonuniversal proportionality constant
Critical Amplitudes
Within the pure 4 model, the standard Wegner expansion for the susceptibility is given by
where ⌫ 0 Ϯ are the leading asymptotic critical amplitudes, ⌫ 1 Ϯ are the first Wegner expansion amplitudes above and below the transition, and ⌬ is the correction-to-scaling exponent. The details of the derivations of the leading and first Wegner critical amplitudes are given in Appendix B. Here we list the derived expressions for the critical amplitudes,
with ⌬ϭ and ϭd␤ u /du͉ u * .
C. Specific Heat

General expressions
The total specific heat is usually separated as
where the term C B Ͼ0 represents an analytic ''background'' contribution from the analytic background free energy H 0 , and C Ϯ represents the critical contribution from order parameter fluctuations. Here ''ϩ'' is for the specific heat above T c along the critical isochore, ''Ϫ'' is for below T c in coexisting phases.
The critical specific heat C Ϯ derived from the Hamiltonian expressed in Eq. ͑1͒ has two representations within the MSR scheme. These two representations are derived via multiplicative and additive renormalization as detailed in Ref. ͓6͔ . The most recent work by Larin et al. ͓4͔ used the representation via additive renormalization that we will use in this paper.
The critical specific heat C Ϯ per unit volume near T c is expressed by ͓Eq. ͑S2.36͒ or ͑L3.3͔͒ ͓4,6͔
͑35͒
The amplitude functions K Ϯ (u) are given by
The functions F Ϯ (u) for nϭ1 can be expressed by a twoloop calculation plus a higher-order extrapolation ͓Eqs. ͑K3.4͒ ͓8͔ and ͑H4.4͒ ͓7͔͔,
where b F and d F are the extrapolation coefficients with the values given in Table III where 2 r *Ϫ1ϵϪ␣/ ͓1͔ is used with ␣ being the critical exponent for specific heat at constant volume. The integral in the exponential of Eq. ͑35͒ can be rewritten as
using 2 r *Ϫ1ϵϪ␣/. The expression for the specific heat from the additive renormalization can now be rewritten as
where F r (l) is given by Eq. ͑22͒ and C 0 is defined as
. ͑43͒
Critical Amplitudes
The standard Wegner expansion within the pure 4 model for specific heat can be written as
where B cr is a constant background induced by long-range correlations between the fluctuations. The experimentally measured constant background is the sum of B cr and the analytic background C B . The expression for the Wegner expansion of the specific heat via multiplicative renormalization was derived and given in Eqs. ͑S4.23͒ and ͑S4.24͒ of Ref. ͓6͔ . In Appendix C, we derive the expressions for the critical amplitudes and the critical background B cr for the representation via additive renormalization, using the technique that is consistent with the one used for susceptibility. The results of these derivations are
͑ 2BЈϪA* r Ј͒͑u*Ϫu͒.
͑47͒
The variables with a prime in Eqs. ͑46͒ and ͑47͒ are derivatives with respect to u. The right-hand side of Eq. ͑47͒ is negative for any given u. Hence one has B cr Ͻ0 since C 0 Ͼ0 from Eq. ͑43͒.
D. Coexistence curve
General expressions
In the liquid-vapor coexisting phases below T c , the den- 
Here Z (u) is given in Eq. ͑25͒. The amplitude function f (u) is expanded in one loop with an extrapolation term ͓Eq. ͑H4.1͔͒ ͓7͔ to yield
The correlation length below T c is linked to the flow parameter by l Ϫ ϭ( Ϫ ) Ϫ1 . By combining these expressions and following the derivation of Eq. ͑26͒, one has
where 1ϩϭ2␤/ is used and
with ␤ being the critical exponent of the order parameter.
Critical Amplitudes
Using Eq. ͑20͒ to replace l Ϫ 2␤/ in Eq. ͑50͒ and the scaling relations ␥ϭ(2Ϫ), ␣ϭ2Ϫ3, and ␣ϩ2␤ϩ␥ϭ2, one has
, and F (l Ϫ ) in the same manner as described in Appendix B, one obtains the Wegner expansion for coexistence curve,
with the leading critical amplitude and the first Wegner amplitude being, respectively,
E. Correlation length
Using Eq. ͑20͒ to express l in terms of ͉t͉, the expression for dimensionless correlation length ͑if Ϫ1 is taken dimensionless͒ is derived from Eq. ͑10͒ as
An expansion of Eq. ͑56͒ around u(l)ϳu* to O͓(u Ϫu*) 2 ͔ leads to
͑57͒
This equation is identical to Eq. ͑S4.8͒ of Ref. ͓6͔ . By comparing Eq. ͑57͒ to the standard Wegner expansion form,
one obtains the leading amplitudes and first Wegner correction amplitudes of the correlation length,
F. Universal amplitude ratios
Even though the leading amplitude and subsequent Wegner expansion coefficients are fluid dependent, certain combination ratios of these amplitudes are universal. From the equations for the first Wegner amplitudes of the specific heat, susceptibility, coexistence curve, and correlation length, one notices that the system-dependent part, (u*Ϫu)/(t 0 ) ⌬ , is the same in every expression. Therefore the ratio of any of these first Wegner amplitudes is universal based on the MSR 4 model. These universal ratios have been given for the specific heat in Ref. ͓4͔ ͓Eqs. ͑63͒, ͑64͒, and ͑68͔͒. In this paper we derive the other universal ratios based on the MSR 4 model. From Eqs. ͑32͒ and ͑33͒, one has the universal amplitude ratios for susceptibility,
From Eqs. ͑45͒ and ͑46͒, one obtains the universal amplitude ratios for specific heat,
Use of the scaling relation ␣ϩ2␤ϩ␥ϭ2 and the combination of Eqs. ͑32͒, ͑45͒, and ͑54͒ leads to a universal ratio
From Eqs. ͑59͒ and ͑60͒, the universal amplitude ratios for the correlation length are
From Eqs. ͑45͒ and ͑59͒, one has the universal relation between the amplitude of specific heat and correlation length,
where the scaling relation ␣ϩ3ϭ2 has been used. Equation ͑68͒ is identical to Eq. ͑S4.22͒ of Ref.
͓6͔. The evaluation of the right-hand side uses the constants given in Appendix A. A natural extension of Eq. ͑68͒ is the universal relation between specific heat and the correlation length throughout the crossover region. Using Eqs. ͑10͒, ͑20͒, and ͑42͒, and the scaling relation ␣ϩ3ϭ2, one has
Since there are no fluid-dependent parameters appearing on the right-hand side of Eq. ͑69͒, the product of the critical specific heat and the cubic of the correlation length is universal for any given temperature throughout the crossover region. Table I lists the various universal amplitude ratios derived from the minimal-subtraction renormalization scheme, Bagnuls and Bervillier's massive-renormalization scheme ͓5͔, and other methods, such as expansion, summarized by Fisher and Zinn ͓9͔. The values given by Bagnuls and Bervillier are closely matched to the values given by Guida and Zinn-Justin ͓3͔ after the readjustment of the Borel resummation criteria ͓5͔. Noticeable differences exist in Table I among various theories. In attempting to explain these differences, two factors are important to note. First, we are unable to evaluate the uncertainties of the universal ratios since the uncertainties on the Borel resummations at the fixed point u* for most of the amplitude functions were not given in previous studies. Second, Eqs. ͑33͒, ͑46͒, and ͑60͒ use the derivatives of Eqs. ͑12͒, ͑13͒, ͑18͒, ͑24͒, ͑37͒, and ͑39͒, which could have sizable systematic uncertainties. These equations were only obtained from two-loop calculations and extrapolated to the five-loop fixed point values with adjustable constants. Hence it is desirable to have these derivatives calculated at the fixed point with Borel resummations. Then the extrapolation coefficients can be more accurately reconstructed, leading to the estimates of the first Wegner coefficients with less uncertainties.
III. FIT TO EXPERIMENTAL MEASUREMENTS
The expressions within the MSR model are parametric for susceptibility, specific heat, coexistence curve, and correlation length along the critical isochore and coexistence curve. We made a variable change of lϭexp(Ϫx) in solving those expressions numerically. x was discretized with 1000 data points over the range of ϪϱϽxϽϱ to obtain the solution for u(x) over the range of 0рu(x)рu*. For each thermal property versus reduced temperature, say ϩ vs t, 1000 data points were calculated for a look-up table of ϩ (x i ) vs t(x i ) with iϭ1, . . . ,1000. The intended property was then obtained for a given reduced temperature t using a cubic spline.
This MSR model has three system-dependent parameters, u, , and a, which fix the scales for u(l), (l), and t(l) in Eqs. ͑9͒, ͑10͒, and ͑19͒. Here u(l), (l), and t(l) are defined implicitly as functions of the RG flow parameter l. Since l is eliminated in final solution, it is clear that one of the three amplitudes is redundant. This should not be mistaken as a minimal number of three fitting parameters for a complete equation of state, while we only fit the thermal properties along the critical isochore and coexistence curve. In this paper ͕,a͖ are chosen as fitting parameters for a prefixed u because their combination only appears in the amplitude of the parametric expressions, such as t 0 , 0 , C 0 , etc. The u value is chosen based on the consideration that the expressions for the first Wegner amplitudes were derived by ignoring higher-order terms in ͓u(l)Ϫu*͔. Therefore an accurate determination of the first Wegner amplitudes requires u to be close to u*.
Besides ͕,a͖, the critical temperature can also be a fitting parameter. Another adjustable parameter is required for the analytic background contribution to specific heat. In fitting the experimental data, y expt , to theory, we minimize
Here a ជ is an array of fitting parameters with the standard error given by 2 ϭ y
The partial derivative in Eq. ͑71͒ is evaluated numerically in each fitting iteration. The x in Eq. ͑70͒ is temperature. In our experiment, the sample temperature was determined from a resistance measurement having an approximately 10 K uncertainty, i.e., x ϭ1ϫ10 Ϫ5 K. In fitting the measurements of isothermal susceptibility and specific heat, we assign y ϭkϫy/100, assuming a k% uncertainty in the measurement.
The goodness of a fit is characterized by the value 2 ϭ
where N is the number of data points and M is the number of fitting parameters. All the experimentally measured quantities were made dimensionless by expressing them in units of appropriate combinations of the 3 He critical temperature T c ϭ3.315 K, critical density c ϭ0.041 45 g/cm 3 , and critical pressure P c ϭ1.14ϫ10
5 Pa. The experimental susceptibility T ‫ץ/ץ(‪ϭ‬‬ P) T is scaled by c 2 / P c to obtain the dimensionless susceptibility T * ϵ T P c / c 2 . The physical order parameter ⌬ϵ/ c Ϫ1 is already dimensionless. The measured heat capacity had units of ͓C͔ϭJ/K. It was then divided by the fluid volume to have a unit of ͓C V ͔ϭJ/(cm 3 K). Since the energy unit is ͓J͔ ϭ͓ P͔͓V͔, a dimensionless specific heat was obtained as C V *ϵC V T c / P c with P c /T c ϭ0.034 63 J/(cm 3 K).
The critical specific heat C Ϯ per unit volume ͑divided by Boltzmann's constant k B ) near T c is given by Eq. ͑42͒. The volume scaling factor is v 0 ϭk B T c / P c , thus the length scaling factor is
. ͑73͒ For 3 He, one has l 0 ϭ7.36 Å. It is assumed that is dimensionless in the MSR 4 model expressions with l 0 Ϫ1 being the scaling factor, one defines *ϵ/l 0 .
A. Fit to susceptibility measurements
The susceptibility along the critical isochore (ϭ c ) was determined using PVT measurements from both sides around c . The susceptibility along the coexistence curve was also determined using PVT measurements. For example, T liq was obtained from PVT measurements for Ͼ coex liq and T vap was obtained from Ͻ coex vap . Since T * varies sharply as → c and → coex , the dominating uncertainty in T * comes from the uncertainty in locating either c for measurements above T c and ϭ coex for measurements below T c . Above T c , the inflection point was well confined by the data from the both sides of c . Below T c , ϭ coex was determined from a kink in P versus curve. However, this kink becomes less pronounced as T →T c . Based on our observation, we assigned the susceptibility uncertainties to be T (TϾT c )ϭ0.02 T (TϾT c ) and
The result of fitting the susceptibility measurements for both TϾT c and TϽT c to the MSR expression in Eq. ͑26͒ is shown in Fig. 1 . The susceptibility was scaled by ͉t͉ ␥ in order to provide a more sensitive representation of the crossover behavior and the fitting quality. The dot-dashed straight lines represent the asymptotic predictions from the MSR fit. The uncertainties in the amplitudes were deduced from the uncertainties of and a in the fit. Figure 2 shows 2 versus (1Ϫu/u*). The goodness of the fit remains unchanged over the entire range 0Ͻ(1 Ϫu/u*)Ͻ1. This verifies that only two out of the three fluid-dependent parameters are relevant fitting parameters. There was no change in 2 when u/u* was also free to be adjusted in the fit.
Once the initial value uϭu(lϭ1) for solving the effective coupling u(l) is chosen, the remaining two adjustable parameters and a are obtained from the fit, and the temperature scaling parameter t 0 is calculated from Eq. ͑21͒ using a given set of ͕u,,a͖. Equations ͑D5͒ and ͑D7͒ in Appendix D give the power-law dependences and a on (1Ϫu/u*) near the fixed point u*. As a result, the temperature scale t 0 depends on (1Ϫu/u*) 1/⌬ near u*, as given in Eq. ͑D8͒. Figure 2 shows , a, and t 0 scaled, respectively, by their power-law dependence on (1Ϫu/u*). The scaled a varies less than 2% over the entire range of (1Ϫu/u*). The scaled and t 0 vary less than 2% for (1Ϫu/u*)Ͻ4ϫ10 Ϫ3 .
Also shown in Fig. 2 are the calculated ⌫ 0 ϩ , and ⌫ 1 ϩ versus (1Ϫu/u*) using Eqs. ͑32͒ and ͑33͒ for each set of ͕u,,a͖ from the fit. Using the methods given in Appendix D, all the leading critical amplitudes can be demonstrated analytically to be independent of (1Ϫu/u*) near u*. As expected, Fig. 2 shows numerically that ⌫ 0 ϩ is independent of (1Ϫu/u*) in the entire range (1Ϫu/u*). Since the analytical expression for ⌫ 1 ϩ , Eq. ͑33͒, was derived by only keeping the linear term (1Ϫu/u*), this equation is only valid as (1Ϫu/u*)→0. Figure 2 helps to visualize how small (1Ϫu/u*) should be to accurately determine the correct value of ⌫ 1 . Since ⌫ 1 ϩ reaches a plateau for (1 Ϫu/u*)р4ϫ10 Ϫ3 , we fix the value of u/u*ϭ0.999 in this work solely for the purpose of calculating the first Wegner coefficients using derived analytical expressions.
B. Fit to specific heat measurements
The specific heat, C V , near the 3 He critical point was measured using a heat pulse method. The temperature change could be measured very accurately using a magnetic susceptibility thermometer with 1-nK resolution. For T ϾT c , temperature equilibration was very fast due to the ''piston effect'' ͓14͔, and the uncertainty in the measured C V was ϳ1%, i.e., C V (TϾT c )ϭ0.01C V (TϾT c ). For TϽT c , equilibration underwent critical slowing down as the fluid approached T c . The slowing down was due to the mass transfer at the meniscus between liquid and vapor. Since the sample cell was not perfectly adiabatic due to its mechanical support and electrical wires, there was some heat loss from the cell to the surrounding during the long equilibration. The uncertainty in measuring C V was typically 5%, i.e., C V (T ϽT c )ϭ0.05C V (TϽT c ).
In fitting C V measurements to the MSR 4 model, an additional adjustable parameter, C B , appears in Eq. ͑42͒. By treating C B as a constant within a small reduced temperature range around T c , the true crossover behavior described by the MSR 4 model can be revealed. Figure 3 shows a fit of the C V measurements for both TϾT c and TϽT c to the MSR expression in Eq. ͑42͒. The fit was limited to the reduced temperature range ͉t͉р2ϫ10 Ϫ2 , as indicated by an arrow in the figure. The agreement between the experimental measurements and the theory is good. The uncertainties in the critical amplitudes and fluctuation-induced background were error propagated from the uncertainties of and a.
The fluctuation-induced background specific heat B cr was calculated from Eq. ͑C16͒ in Appendix C. Its absolute value is close to that of C B . As a result, the combined background specific heat is close to zero for 3 He as first demonstrated experimentally by Brown and Meyer ͓15͔.
C. Fit to coexistence curve measurements
The best data for the 3 He coexistence curve were compiled in a recent paper by Luijten and Meyer ͓12͔. We apply the MSR 4 model to the coexistence curve using these data as shown in Fig. 4 . The fit was limited to the range 6 ϫ10 Ϫ4 у͉t͉р4ϫ10 Ϫ2 . The lower bound was so chosen since the measurements were affected by the gravity effect for ͉t͉Ͻ6ϫ10 Ϫ4 due to a large cell height ͑4.3 mm͒ used in that experiment ͓16͔. The upper bound was so chosen since the 4 model was developed for critical phenomena and did not include analytic behavior associated with a system approaching absolute zero temperature. The standard deviation for ͉⌬ L,V ͉ was approximated based on the percentile deviation in Fig. 5 The systematic deviation between the MSR 4 model calculation and the experimental data over the fitting range may be due to the fact that there was no proper background contribution included in the analysis. We attempt in this paper to include the effect of the order parameter saturation as a possible background contribution. The saturation of order parameter at absolute zero temperature has been studied by Povodyrev et al. ͓17͔ for an ideal Ising model. We propose an empirical expression that is consistent with that study for the limiting behavior at ͉t͉ϭ1. Not only does the order parameter saturate to a constant value but its slope also approaches zero at ͉t͉ϭ1. In the case of the liquid-vapor system where the physical order parameter is the normalized density difference from the critical value, the saturation value is also unity. Our empirical expression, satisfying this limiting behavior, is
In fitting the expression in Eq. ͑74͒ to the experimental data, only t 1 is adjusted while t 2 and b 2 are solved for a given t 1 through the constraints ⌬ L,V ϭϮ1 and d⌬ L,V /dtϭ0 at ͉t͉ϭ1. Near the critical point, the exponential dampings of the first and second terms on the right-hand side of Eq. ͑74͒ are negligibly small as evidenced by the large best fit values t 1 ϭ1.56, t 2 ϭ4.55, and b 2 ϭ0.921. As can be seen in Fig. 4 , the addition of the saturation background ͑dashed line͒ only slightly improves the systematic difference between the theory and the experimental data for ͉t͉Ͻ4ϫ10 Ϫ2 , although it represents the data quite well for ͉t͉Ͼ4ϫ10 Ϫ2 .
D. T , C V , and ͦ⌬ L,V ͦ joint fit
The good individual fit of the MSR 4 model to isothermal susceptibility T , specific heat C V , and coexistence curve ͉⌬ L,V ͉ has been demonstrated. A joint fit of all the three thermal properties leads to a complete test of the MSR 4 model with a minimum set of the parameters, ͕,a,T c ,C B ͖. Here no order parameter saturation was included since its correction over the fitting range was small. To make sure that no particular measurement dominates the joint fit, a proper weighting is needed to balance uneven numbers of the experimental data. We chose the following weighting in order to normalize the 2 by the number of data points:
where NϭN T * ϩN C V * ϩN ⌬ L,V . In the joint fit, T * and C V * were fit against temperature T while ͉⌬ L,V ͉ was fit against reduced temperature ͉t͉, and ,a,C B , and T c were adjusted. The joint fit results are shown in Fig. 5 and Table II . We note that in the joint fit the uncertainties in and a are much smaller than in the individual fits, even though the overall goodness of fit is worse in the joint fit. These improved uncertainties in and a also lead to the improved uncertainties in the critical amplitudes and the fluctuation-induced background for specific heat. Shown as dashed lines in Fig. 5 model provides a good fit beyond ͉t͉ϭ1ϫ10 Ϫ2 to the experimental measurements of the isothermal susceptibility both above and below T c and the specific heat above T c . Close to T c , the susceptibility data for TϾT c and the specific heat data for both TϽT c and TϾT c deviate slightly from the theoretical prediction. These deviations can be attributed to a gravity-induced density stratification. Since the specific heat was measured as an average of the whole cell while the susceptibility was measured locally across a density sensor, there was a stronger gravity effect in the measured C V than T . The gravity effect on T (TϽT c ) is about a factor of 5 smaller than that on T (TϾT c ) because of the difference in T magnitudes. When T c is used as an adjustable parameter, the individual fits of susceptibility and specific heat tend to skew T c such that the difference between the experimental measurements and theoretical prediction is minimized because of the shift in reduced temperature for the measurements. The T c determined from the fits of the specific heat ͑Fig. 3͒ and susceptibility data ͑Fig. 1͒ tends to be higher and lower, respectively, than it should be. This tendency was approximately cancelled out in the joint fit shown in Fig. 5 . The slight gravity effect on the experimental measurements for 1ϫ10 Ϫ4 Ͻ͉t͉Ͻ6ϫ10 Ϫ4 can be clearly seen in Fig. 5 .
We mention that in Ref. ͓18͔ earlier measurements of the susceptibility of 3 He, both above and below T c , were compared with the present data. Also in Table 1 of that reference, the amplitudes of susceptibility and coexistence curve data and their ratios, such as ⌫ 1 ϩ /B 1 and ⌫ 1 ϩ /⌫ 1 Ϫ , obtained from individual fits, were presented.
E. Predictions for correlation length and light scattering intensity
By using u/u*, , and a given in Table II , the dimensionless correlation length can be calculated for any given ͉t͉ using Eq. ͑56͒. Figure 6 shows the dimensionless correlation length versus t calculated from the MSR 4 model for 3 He. The length scale to recover the dimensional 0 is l 0 , given by Eq. ͑73͒. Thus one has a dimensional 0 ϭ 0 *l 0 ϭ2.71 Å. This value can be directly compared with 0 ϭ2.6 Å measured in an acoustic experiment Ref. ͓19͔. Considering that the experimental 0 had 10% uncertainty, the agreement is very good.
The correlation length can also be determined from a light scattering experiment. Miura, Meyer, and Ikushima measured the intensity of scattered light of 3 He fluid near its critical point ͓13͔. The intensity scattered per unit beam length per unit solid angle in the fluid, I, is given by
where I 0 is the beam intensity in the scattering region, is the angle between the electric field of the incident light and is essentially a constant for the experimental condition, one can use the knowledge of T and , based on the MSR 4 model, to fit experimental data of the scattered intensity, with B as an adjustable parameter. As can be seen in Fig. 7 , the agreement between the experimental data and theoretical calculation is reasonably good.
IV. DISCUSSION
In this paper we have used parametric expressions to calculate the isothermal susceptibility, specific heat, coexistence curve, and correlation length along the critical isochore and coexistence curve from the asymptotic region to the crossover region. All the critical leading amplitude ratios were contained in the model, as listed in Table I . Using only two adjustable parameters in these theoretical expressions for the critical contributions, we fit the theory to recently obtained experimental data for the isothermal susceptibility, specific heat, and early experimental data of the coexistence curve and light scattering intensity. The agreement between the theory and experimental measurements is good.
Further improvements to the minimal renormalization scheme are desired, especially the five-loop Borel resummations throughout the whole range of 0рuрu*. More accurate Borel resummations at the fixed point should also lead to improved calculations of (u*) and r (u*) so that the resultant critical exponents can be compared with other published values ͑see Appendix A͒. Theoretical insights on noncritical contributions are also needed in order to formulate more accurate analytical expressions for the background contributions.
While the present minimal-subtraction renormalization model describes quite well experimental measurements along the critical isochore and coexistence curve, there exist other alternative approaches to the crossover problem. One of them is the Landau crossover model ͑LCM͒ that has been reviewed by Anisimov et al. ͓20͔ . This LCM model was recently tested against the numerical simulation of the threedimensional Ising lattice gas model ͓21͔. The LCM model was also empirically improved in a phenomenological crossover parametric model ͑CPM͒ ͓22͔. There is a good agreement between the CPM model and the 3 He experimental data of susceptibility and specific heat given in Appendix E.
NASA supported microgravity flight experiments ͓23,24͔, which are under preparation, will take experimental data of the susceptibility, specific heat, and coexistence curve in the asymptotic region. Combining these microgravity measurements in the asymptotic region with ground-based measurements in the crossover region should permit a rigorous test of the predictions of recent renormalization theories.
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021106-11 APPENDIX A: THE MSR 4 MODEL CONSTANTS
The field-theoretic functions, r (u), (u), and ␤ u (u), and the amplitude functions, and B(u) , are known up to five-loop order from expansions around uϭ0. However, these expansions do not converge. To overcome this difficulty, these quantities were expanded to two-loop order and then extrapolation terms were added to have the functions agree with the calculations of high-order Borel resummations at the fixed point ͓1͔. All these functions have at least one extrapolation term to match the function's value at the fixed point u*; some functions also have a second extrapolation term in order to match the value of their derivative at the fixed point. Listed in this appendix are the values of these extrapolation coefficients, their origins, and recent improvements. The effects of these coefficient values on the critical exponents and the fitting quality in this work are discussed.
The extrapolation coefficients for the field-theoretic functions r (u), (u), and ␤ u (u) in Eqs. ͑6͒-͑8͒ are a 1 ϭ3075, a 2 ϭ30 390, a 3 ϭ37.5, a 4 ϭ14.10, and a 5 ϭ31.85. They are taken from Table 2 of Ref.
͓1͔.
The fixed point value for u*ϭ0.040 485 is solved from the condition ␤ u (u*)ϭ0 using the given values for a 4 and a 5 . The latest published u* value for nϭ1 is ͓4͔ u*ϭ0.0404Ϯ0.0003. ͑A1͒
The asymptotic critical exponents are linked to the exponent functions r , , and ␤ u by ϭϪ ͑ u*͒ϭϪ *ϭ0.0367,
Once the critical exponents , , and are known, the remaining important critical exponents can be obtained from scaling using A clear difference exits for the value of the critical exponent ␥ which warrants further efforts from the theoretical community for improvements in the MSR 4 model calculation. The amplitude function Q"u(l)… for reduced temperature is expressed as
͑A16͒
At the fixed point u*, there is an identity Ϫ1 ϭ2Ϫ r * that simplifies Eq. ͑A16͒ and leads to Q*ϭ2 P ϩ * .
͑A17͒
Krause et al. ͓8͔ obtained the expression ͓Eq. ͑KA28͔͒
with ϭd␤ u /du͉ u * . They also provided a one-loop expression for P(u) using a higher-order approximation ͓Eq. ͑K3.2͔͒ ͓8͔
The latest calculation by Larin et al. ͓4͔ for nϭ1 gives P ϩ * ϭ0.7568Ϯ0.0044.
͑A20͒
If the theoretically calculated critical exponent for nϭ1, given by Guida and Zinn-Justin ͓3͔, is used ͓4͔, one has b ϩ ϭ2 P ϩ * ϭ0.9542Ϯ0.0059,
͑A21͒
b Ϫ ϭ3/2Ϫ2 P ϩ * ϭ0.5458Ϯ0.0059.
͑A22͒
For the extrapolation coefficients in the expression for Q(u), Eq. All the calculations use the value of u* derived in this paper. Table III lists the values of the various extrapolation coefficients for the amplitude functions in the MSR 4 model. Table IV lists the values of the various amplitude functions at the fixed point u*.
Equations ͑20͒ and ͑26͒ provide a clear identification of the leading critical divergence and crossover contribution in a multiplicative form. In the original expressions, the critical divergence is contained implicitly in the integrals of r and in Eqs. ͑15͒ and ͑23͒. The calculated r (u*) and (u*) using Borel resummations at the fixed point lead to the critical exponents and that are slightly different from the latest values given by Guida and Zinn-Justin. Because of the expressions in Eqs. ͑19͒ and ͑26͒, the critical exponent values given by Guida and Zinn-Justin are used for the leading divergence. The inconsistency is only in the crossover parts in the integrands of ͓ r (u)Ϫ r (u*)͔ and ͓ (u)Ϫ (u*)͔ that go to zero as the fixed point is approached.
APPENDIX B: DERIVATION OF SUSCEPTIBILITY AMPLITUDES
Expressions for the Wegner expansion of the susceptibility will be derived in this appendix, which were not presented in previously published work. Multiplying Eq. ͑26͒ by Eq. ͑20͒ to the power ␥ yields
In order to expand the exponent functions, F r "u(l)… and F "u(l)…, based on Eqs. ͑22͒ and ͑28͒, one needs to expand first the function for the flow equation, ␤ u "u(l)…, to the first order in ͓u(l)Ϫu*͔,
where ϭd␤ u /du͉ u * and ␤ u (u*)ϭ0. Since F r (u*)ϭ0 and F (u*)ϭ0, one obtains 
… is then expanded in terms of ͓u(l)Ϫu*͔, dropping the higher orders, to give
͑B7͒
The solution of the flow equation with ␤ u (u) approximated by Eq. ͑B2͒ is
By expressing l in terms of ͉t͉ and dropping higher-order terms, one has lϭ͉t͉
͑B9͒
Comparing Eq. ͑B9͒ to the standard Wegner expansion to the first term, see Eq. ͑31͒, one obtains the critical amplitudes of the susceptibility expressed analytically in Eqs. ͑32͒ and ͑33͒ with ⌬ϭ.
APPENDIX C: DERIVATION OF SPECIFIC HEAT AMPLITUDES
A derivation of the critical amplitudes and constant background of the specific heat in the additive renormalization form will be given in this appendix. This derivation is consistent with the one for susceptibility given above and is different from the one given by Schloms and Dohm ͓6͔.
First an expansion expression for the function A"u(l)… will be derived that is an approximate solution of Eq. ͑38͒. By expanding B(u) and r (u) around u* and omitting higher-order terms beyond the linear term, Eq. ͑38͒ becomes l dA͑l ͒ dl ϭ4B͑u*͒ϩ4BЈ͑u*͒͑uϪu*͒ ϩ͓␣/Ϫ2 r Ј͑u*͒͑uϪu*͔͒A͑l͒.
͑C1͒
Then Eq. ͑B8͒ is used to replace (uϪu*) with l , yielding
where
ZϭϪ2 r Ј͑u*͒͑uϪu*͒.
͑C6͒
With a variable change of
The solution of Eq. ͑C8͒ is
where K 1 is a constant to be determined through the initial condition. Expanding Eq. ͑C9͒ in v and keeping only the linear terms of l ␣/ and l , one obtains
where Eq. ͑40͒ is used for A(u*) and
͓2BЈ͑ u*͒ϪA* r Ј͑u*͔͒.
͑C11͒
K 3 in Eq. ͑C10͒ will be eliminated through initial condition at the reference point lϭ1,
where A 1 ϵA(lϭ1). Since A 1 has not been given as a fitting parameter, it is calculated from the numerical solution of Eq. ͑38͒ with A(uϭ0)ϭϪ2. Substituting Eq. ͑C10͒ into Eq. ͑42͒, one has
Replacing l ␣/ in Eq. ͑C13͒ with t/t 0 from Eq. ͑20͒ leads to
, and b Ϯ (l) are expanded according to Eqs. ͑B3͒, ͑B5͒, and ͑B6͒, respectively. Terms of order higher than O͕͓u(l)Ϫu*͔ 2 ͖ or O(l 2 ) are dropped in the expansion, and ͓u(l)Ϫu*͔ is replaced using Eq. ͑B8͒. By using the approximation of l ϭ͉t͉ ⌬ /(b Ϯ * t 0 )
⌬ , one finally has
͑C15͒
By comparing Eq. ͑C15͒ to the standard Wegner expansion to the first term, see Eq. ͑44͒, one obtains the analytical expressions for the critical amplitudes of the specific heat given in Eqs. ͑45͒ and ͑46͒. The critical background specific heat is also identified as
The integration constants z and z a are system dependent and can be obtained by fitting experimental data to the theory. Therefore the crossover temperature can be alternatively expressed as
The system-dependent crossover reduced temperature t ϫ ϩ containing u 0 2 /a 0 is identical to g defined in Eq. 
